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1.

. lim

u =2+ cosx = du = —sin x dx
I (sin x)e** “s* dx = —I e" du
=-e"+C
— _82+cosx +C

So, the answer is A.

6
J(x +6)* =36
tanaz%z«/(x+6)z—36 = 6tan 6

1
- dx =
‘[ x4+ 12x ’

= In

So, the answer is D.

x—ol ¥2 -1

So, the answer is A.

5¢ —Inx -5

J‘#-Gsecetanﬁde
6 tan 6
Isec@dﬂ
ln‘sec0+ tan 9‘ + G
x+6 J(x+6)-36
6 6
X+ 6+~x? +12x
In p + G

ln‘x+6+x/x2 +12x‘ 6+ G

ln‘x+6+\/x2 +12x‘ + G,

(1/x)
2x
-5¢° — (11)

2(1)

-5-1

2

=-3

—5e!% —
= lim ————=
x—1

. I ;dx = I ! dx
Vax?o+ 12x \/(x2 +12x+36)—36
By S
(x +6)* - 36
x+6
(x+6)*-36
e ]
6
sec 8 = x+6 = x =6sec @ — 6,dx = 6sec @ tan 6 dO

+ C

4. u = f(x) = du = f(x)dx
dv = g'(x) & = v= g(x)
[Fr0g() dx = [1(x)e@)]] - [ r(@)e(x) dx
= [/(2)g(2) - (ng()] - 3

So, the answer is D.
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1 1 A B K4 X k4 X X
5. = = + . = dx = A= =
2 or 1 20 r-5)x-4) x-5 x-4 6 IO cos (2) dx JO cos (2] cos(zj dx

1= A(x — 4) + B(x - 5) = {1 - Sin{)zcﬂ COS@) *

When x = 4,B = —1.
When x = 5,4 = 1. Letu = sin(g], du = %cos(g).
Jq%dx:'[sde_Jd 1 dx
0¥~ 9x + 20 0x -5 0 x -4 rcoss(ij

= [inx = 5|~ In|x — 4[]’ '

= 2_“(: (1 - uz) du

31
x-s[] ZZ{M—M}
=|In 3],
x—4], .
s 4-)
=In2-In= 3
4 4
=1n% :E
4 So, the answer is A.
8
=In—
5

b—oo

- b
. 7. J xe™P dx = lim I xe ™ dx
So, the answer is A. 0 0

u

= du = dx

]
=

dv=ePdx = v=-3"
= lim ( —3xe’x/3}z — '[: —3e 3 dx)
R

= lim [(—3be’b/3 - 0) - 9(e - eo)]
9

So, the answer is C.

. cos2x —xsinx — 1 . —2sin2x—(xc0sx+sinx)
8. lim lim

Xor 7[3 — x3 X —3x2
. 2sin2x 4+ x cos x + sin x
= lim 2
xor 3x

2s8in 27 + wcos T + sin T

3x?
_0-7+0
3r?
-1
3z
So, the answer is A.
. f(x) 0 . d b
9. Because lim —— = —, use L’Hopital’s Rule. = ax g b s ot |2
=0 g(x) 0 10. ,[1 o ,}EI; X dx = ,,h_r)rl X 1
’ 2 2 . 1 2
lim L) = iy X = -~ lim (? - 1] =-2(0-1)
0 g (x) x>0 4 R b/ 3
_ sec’ 0 _2
= 3
1 So, the answer is C.
T4

So, the answer is B.
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[ae _ 4.2
1. V= 2;rj’j x[M] dx = 27:]23 V36— 4x? dx ~ 19.46
X

So, the answer is B.

12. (a) ) 30 {2 pts: finds antiderivative (using parts)
pts:

1 pt: answer

Reminders: Be sure to justify the antiderivative by

2t explicitly showing integration by parts—as per the
given directions. (Merely writing down the definite
©.0) (r.0) integral and numerically approximating the area on
DR your calculator will not receive full credit here because
the directions say to use integration by parts.)

a .
4= J. o XS dx If presenting the answer as a decimal approximation,

be sure to round the answer to at least three decimal

u=x = du =dx . .
places to receive credit on the exam.

dv =sinxdc = v =-cosx
V4 T

A = [-xcosx], — j —cos x dx
0 0

=[x cosx + sin x]g

[-7(-1) + 0] = (0 - 0)

=7

So, the area is 7.

3 pt 2 pts: writes integral
s:
P 1 pt: answer (no work needed)

Reminders: Use your calculator to find the point of
intersection of the two graphs (no work needed for this).

In this intermediate step, round the coordinates of the
x intersection point to more than three decimal places to
use in upcoming intergrals.

1

Find the intersection of the graphs. Because the directions do not specify otherwise, it is

xsinx = =2x + 5 sufficient here to simply write down the definite integral
X = 1.6693678 and then numerically approximate the area on your
693678 calculator.
A=| —2x + 5) — (x sinx)| d .
I 0 [( o ) - (x x)] o Be sure to round the answer to at least three decimal
16693678 16693678 laces to receive credit on the exam.
=I0 (—2x+5)dx—'[ X sinx dx P
u=x = du = dx

dv =sinxdx = v =-cosx

_ 2 1.6693678 1.6693678

= [—x + SJC]0 - [—x cosx]0

1.6693678
I —cos x dx
0
B . 1.6693678
= [—x + 5x + x cos x — s1nx]
=~ 4.401
1.6693678 . .
(©) J (-2x + 5 — x sinx) dx 3 ots: 1 pt: integrand
" |2 pts: limits of integration within correct equation

= ZJ: (-2x + 5 — x sinx) dx
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2+ _[02 W(¢) dt

2+ J'OZ (te"/3 - %j dt

2+ j; te™P dt — %.[02 dt

du = dt

v = =3¢

u==1t =

dv=e¢Pdt =

3 3 (e B - L)
24 (<3| +3[ et 2[t]0

2+ [-3te - 9e-‘/3]§ —1

[(-3(2)e® = 9¢2%) = (0 - 9)]

Il
+

(b) _[;) R [teim - %) dt + J. z 61344435 (teim B %) dt

(©) a(t) =e"P + t(—%e“ﬁ) -0= e"/{l - gj

Because a(3) = e'w{l - ﬂ = 0, the particle’s

speed is not changing at ¢ = 3.

5 pts:

3 pts: finds antiderivative (using parts)
1 pt: uses initial condition

1 pt: answer

Reminders: Be sure to justify the antiderivative by
explicitly showing integration by parts—as per the
given directions. (Merely writing down the definite
integral and numerically approximating the area on
your calculator will not receive full credit here because
the directions say to use integration by parts.)

Be sure to round your answer to at least three decimal
places to receive credit on the exam.

2 pts: integrals

5 ois: {1 pt: computes a(3) = v/(3) (no work)

1 pt: answer (“neither””) with reason
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14. (a)

(b)

(©)

1

f(x)zm

1 1 .
3 = —, the equation
e(ln ¢) e

of the tangent line at (e, 4) is

Because f7(e) =

y—4=l(x—e)
e
y=1x+3
e
, 1 -3
[(x) = = —(Inx)

_ 3 B 1
x*(In x)4 x*(In x)3
3 1

fe) = - ~-0.541 < 0

e*(In 6‘)4 - e*(In e)3
So, the graph of f is concave downward on (1, 5)

because f”(x) < 0on (1, 5).

Use (e, 4) to find C.

1
f(9) = _2(ln e)2 re=4

—1+C=
2
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2 pts: {1 pt: finds the slope of the tangent line [f /(e)]

1 pt: writes an equation of the tangent line

2 pts: finds /()

4 pts: <2 pts: answer (concave down) with reason [examines

sign of f"(x) on this interval]

Notes: After finding f ”(x), you could simply state that

/"(x) is negative for all x-values on (1, 5); a sign chart
may not be necessary.

If using a sign chart as part of the justification, the
functions f”(x) and f must be explicitly labeled in

your chart. Unlabeled sign charts may not receive
credit on the exam.

A sign chart alone is generally not sufficient for the
explanation. To receive full credit on the exam,
explain the information contained in the sign chart.
For example, state “/ is concave down on (1, 5)

because f”(x) is negative on this interval.”

2 pts: antiderivative (shows substitution)

3 pts: 1 pt: uses f(e) = 4 to find constant of

integration and particular solution
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15. (a) Because lim
x—1t

(\/_—1)=Oand lim (xz—l) =0,

x—o1t

L’Hopital’s Rule applies.

1
Vx -1 2/x _ 1

R e L Tl
lim f(x) = lim [tan2 (x=1)+ i} _1
x—1" x—1" 4 4

. 1
So, lvlir} f(x) = "
) =i -n+ =1

4 4

Because f(1) = lirr} f(x), f is continuous at x = 1.

ONACE (-1 ot
2 tan(x — 1) sec’(x - 1), x <1
x2 =1 - 4x* + 4x/x

, x> 1

- 2x(x 1)

2 tan(x — 1) sec’(x = 1), x <1

-3x% 4 4x/x — 1

e S x >1
=1 2x(x* - 1)

2 tan(x — 1) sec’(x = 1), x <1

(c) Average %J.: S(x) dx

;D{; [tanz(x —1)+ ij ax + !

0.295

Jr -

X
xz—

i

1
1

o

2 pts: finds lim f () using L'Hopital's Rule

x—1

5 pts: 42 pts: finds lim f(x) and lim f(x)

x—>17 x—1

1 pt: answer with reason: shows /(1) = lin} (=)
x>

Reminder: Be sure to first establish the

. . 0, . .
indeterminate form ° to justify the use of

L Hopital’s Rule.

2 pts: derivatives of each piece

Reminder: You do not need to simplify these
derivatives.

2 pts: sets up the definite integral for
average value in two pieces

Note: You would not be expected to evaluate
these definite integrals without a calculator.
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16. (a) 721?(5 ~ R)

1[/1 B}
=—|—=+
2|R 5-R

A(S—R)+BR=1:>A=§andB=é

de:l

EIR(S—R)

! dR

1¢(1 1
T:zj(SR+5(5_R)]dR

T:i(ln\R\—ln\S—R\)+c
10
1
T =—1In ‘+C
10 |5-R
Use T'=0and R = 3 to find C.
Oziln 3 + C
10 |5-3
0:iln§+C
10 2
g3
10 2
So,Tziln‘ R —iné,
10 [5—-R| 10 2
dT 1 1

(b)

dR ~ 2R(5-R) 10R - 2R

a1 (10R = 2R?)(0) - 1(10 — 4R)
dR’ (108 - 2R?)’
__4rR-10
(108 - 2R?)’
0 - 4R-10
(108 - 2R?)’
R=2
2
FOI'RZZ,QZLIOZZ—L
/o) -2(22)] 72
For g o3 T B0 1
Because dlz changes signat R = %, the

graph of 7 has a point of inflection at R = %
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5 pts:

4 pts:

3 pts: antiderivative (shows partial fraction decomposition)
1 pt: uses initial value

1 pt: answer

d*T
1 pt: finds —
P g

2
1 pt: finds where d—f =0
dR

: o a’T
2 pts: answer with reason [examlnes sign of R on both

sides of R = % to confirm 7 changes concavity]

2
Reminder: In such an explanation, reason using R

(explain using a derivative). Merely reasoning with T’
(appealing to where T changes concavity) may not receive
credit on the exam.

Notes: If using a sign chart as part of the justification, the
2
functions % and 7' must be explicitly labeled in your

chart. Unlabeled sign charts may not receive credit on the
exam.

A sign chart alone is generally not sufficient for the

explanation. To receive full credit on the exam, explain

the information contained in the sign chart. For example,
2

. . . 5
state “7T has an inflection point at R = — because e

i

changes signat R = %
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17. (a) Because lim % = i, apply L’Hopital’s Rule.
X—oo @ )

(b)

©

. . _ . X . 1
lim g(x) = lim xe™ = lim — = lim — =0
X—> oo X—> oo Xt ¥ X—+o0 ¥

Because lim —— = ?, L’Hopital’s Rule does

X—>—c @
not apply.
T g(x) = lim xe " = (-e)(e) =

So, the graph of g(x) has a horizontal asymptote

at y = 0.
g(x) = xe™™
g'(x) = x(—e’)‘) +e(1)
=e*(-x+1)
_1-x
eX
0= 1 —vx
e
x =1
So, g(1) = (1)e® = L,
e
For x :O,g'(x) = 1_00 =1
e
For x = Z,g'(x) = 1_22 = _Lz
e e

Because g'(x) changes signat x = 1, the graph has

. 1
a maximum at [l, f}
e

. b —
xe™* dx = lim xe " dx

a=[ Jim

u =x

dv =

= du = dx

etdx > v=-¢f
blifl ([—xe‘x}f - Jlb —e dx)
fim (e = 7]

N
Il

Il
&
=
5 B
—

|

S

®,

o>
|
®
o>
N
|

|
—

—
=

Q

L

|

Q

L
[
[ —

1
=Z0-0+—+—
e e
_2
e

3 pts:

3 pts:

3 pts:

1 pt: considers both lim g(x) and lim g(x)
X—>-©

X—>®
2 pts: applies L’Hopital’s Rule to evaluate the first

limit (x — + o) but not the second limit
(x & —), answer

Reminder: Be sure to establish an indeterminant

form, % or E, to justify the use of L’Hopital’s Rule.
o]

1 pt: finds where g'(x) = 0

2 pts: answer [ﬁnds g(l)] with reason [examines
sign of g'(x) on both sides of x = 1to
establish a relative maximum at the only
critical value, x = 1]

Reminder: In such an explanation, reason using

g'(x) (explain using a derivative). Merely reasoning
with g (appealing to where g changes from increasing
to decreasing) may not receive credit on the exam.
Notes: If using a sign chart as part of the justification,
the function g'(x) and g must be explicitly labeled

in your chart. Unlabeled sign charts may not receive
credit on the exam.

A sign chart alone is generally not sufficient for the
explanation. To receive full credit on the exam,
explain the information contained in the sign chart.
For example, state “g has a relative maximum at

x = 1 because g'(x) changes from positive to

negative at x = 1.”

1 pt: sets up and rewrites improper integral
1 pt: antiderivative (shows parts)

1 pt: answer (evaluates limit using L’Hopital’s Rule)
Reminder: Be sure to establish an indeterminant

form, % or f, to justify the use of L’Hopital’s Rule.
0
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8. [ (-2 a

[Ja-2 a+ [ (-2 a

. b -2 . 3 -2
| -2) "dx+ 1 -2) " d
Jim [, (o2 der lim [ (-2 ax
b
tim [~(x = 2)"] + tim [~(x-2)"]
bh—2" 0 b—27"
lim (—; - lj + lim [—1 + !
b2\ b—-2 2 b2t b-2
oo 4+ oo

So, .[03 g'(x) dx diverges.

AP® Exam Practice Questions for Chapter 7 9

(b) The integrand has an infinite discontinuity at x = 2, which is

contained in [0, 3]. So, the given integral is improper and the

Fundamental Theorem of Calculus does not apply.

(c) '[: (x - 2)_2 dx =

3

b

)

2 pts: splits improper integral into two pieces
(accounts for discontinuity at x = 2)
with correct one-sided limits

3 pis: 1 pt: antiderivative

2 pts: shows each one-sided limit goes to
infinity, answer

1 pt: reason [identiﬁes g'(x) has a discontinuity in

[0, 3] atx = 2]

1 pt: rewrites improper integral with limit
3 pts: 41 pt: antiderivative

1 pt: answer (evaluates limit)
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2
19. (a) Because lim M = 9, apply L’Hopital’s Rule.
x>0 tan x 0
lim M - & - (_2)2[4(0) + 1] =4

(b)

©

-0 sec? x 1

~
TN
| —
N
0

|

[\S)

N
—
N

=
Il

|

—

1 1
So, fl—| = ——.
o /(3) =3
dy 2
- = 4x + 1
dx y(x )
%dy=(4x+l)dx

R e
Use f(0) = —2 to find C.

——:2(0)2+0+C:>C:%

1 1
Because —— = 2x? + x + —,
y 2

f(x) = —[sz +x+ ;)_1.

2 pts:

2 pts:

5 pts:

1 pt: applies L’Hopital’s Rule
{1 pt: answer

Reminder: Be sure to establish an indeterminant
form, % or 2, to justify the use of L’Hopital’s

Rule.

1 pt: Euler’s Method with two steps
1 pt: answer [approximation of f (0.5)]

Reminder: Be sure to write “f(0.5) ~” rather than
“f (0.5) =.” Because this is an approximation, a

point may be deducted if an equal sign is used.
In general, equating two quantities that are not
truly equal will result in a one point deduction on
a free-response question.

1 pt: separation of variables

1 pt: antiderivatives

1 pt: constant of integration

1 pt: uses intitial condition

1 pt: particular solution (solves for y)

Notes: 2 points max if no constant of integration
present

0 points if no separation of variables
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